3. WITT’S CANCELLATION
THEOREM

83.1. Reflections

If V is a quadratic space and a € V has non-zero
length, the hyperplane reflection pa:V — V is defined
by

o Xv]a)
pa(V) =v — @|a) a.
One easily verifies that p, is an isometry (ie is linear, 1-1,
onto and preserves inner products) and that pa(a) = —a and
vectors orthogonal to a are fixed.

Theorem 1: If(u|u)=(v|vyand (u—v|u—v)=0 then
pu-v(U) = V.
Proof: (u—vlju+v)={U|uy—(v|v)y=0sou+vis
orthogonal to u — v.
So puv(u+v)=u+vand
pu—~v(U —V) =v —uand so
pu(u) =v.%©

Theorem 2: If (u | u) = (v | v) # 0 there exists an isometry
p:V — V such that p(u) = v.

Proof: If (u—v |u—v)=0use Theorem 5 in Chapter 2.
Suppose now that (u—v |u—v)=0.
Then{u|u)=(v|v)={U|v).
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Hence(u+v|u+v)=4u|u)=0.
Then pu+w(Uu) = —v by Theorem 5 in Chapter 2, and so
(Puwvpy)(U) = pv(-v) = v. O

A theorem by Cartan and Dieudonné shows that if
V is a regular quadratic space of dimension n then every
isometry is a product of at most n hyperplane reflections.

§83.2. The Cancellation Theorem
Theorem 3: If V=radV @ K; =rad V @ K then

K1 = Kz.
Proof: If k € K; then k = r + k’ for some k' € K..
Define p(k) = K. p is clearly linear (restriction to K; of
the projection onto K;). %©

Exercise 1: Show that p preserves inner products and
hence is an isometry.

Theorem 4: (WITT) If (ay, ..., an) = {b, ..., by) and

a; = by then{a,, ..., an) = (b, ..., bp).
Proof: Case I: a1 = b1 = 0. The conclusion follows from
Theorem 7 in Chapter 2.
Case Il: a1 = by # 0. Let V by a quadratic space
corresponding to (ay, ..., an).
Then there exists an orthogonal basis e, ..., e, such that
(ei | ei) = aj and there exists an orthogonal basis fi, ..., f,
such that (f; | fi) = b;.
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Since a; = b; # 0, then by Theorem 2, there exists an
isometry p:V — V such that p(e;) = f;.

Fori>1,(p(e) | ) =<p(ei) | p(es)) = ei| e =0,
so p(e2), ..., p(en) e (fi)h.
Now, since (fy | f1) # 0, (f.)* = (f,, ..., f,) and so
dim (f))t =n - 1.
Since p(ey), ..., p(en) are linearly independent (p is 1-1)
they form a basis (in fact an orthogonal basis) for (f;)*.

Relative to this orthogonal basis the quadratic form for
(fi)tis(ay, ..., an). But relative to the orthogonal basis
fo, ..., Tnitis(by, ..., bp).

Hence (@, ..., an) = {by, ..., by). %©

Corollary: In the decomposition V = mZ @ n# @ W,
where W is non-isotropic, m, n are unique and W is
unique, up to isomorphism.

Define the nullity of V to be m (this is the nullity
of the corresponding matrix). Define the Witt-index of V
to be n. Define the core of V to be W.

8§3.3. The Witt Ring

The Witt Ring of a quadratic space V is the set of
non-isotropic quadratic forms over F with addition and
multiplication defined as follows:

If X = (X1, ..., Xm) and 'y = (y1, ..., yn) are vectors involving
m + n distinct variables then
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a(x)+ b(y) = core [a(x) + b(y)] and
a(x).b(y) = core [a(x)b(y)].
Since every quadratic form can be expressed as a

diagonal one, we can write these definitions as:

(az, ..., amy +(by, ..., byy =core{ay, ..., am, by, ..., by)

and
<8.1, ey am>.<b1, ey bn>

= core {(aiby, ..., aibn, azby, ..., azbn, ..., ambs, ..., ambn).

Note, to show that addition and multiplication are
well-defined one must show that they are compatible with
equivalence. This is obvious for addition since the sum of
two quadratic forms is defined to be the core of the direct
sum. For multiplication we must put a quadratic structure
on the tensor product of the two quadratic spaces.

One may easily verify that under these operations,
W(F) is a ring. The zero element is the 0-dimensional
non-isotropic quadratic form ( ), or 0. The additive
identity of (ay, ..., am) is {(-ay, ..., —am) since

(ai, ..., &m, —a1, ..., —am)
= <3.1, —a1> &) <az, —a2> D...D <am, —am>
which is hyperbolic.
The multiplicative identity is (1) = x°.

Example 2: W(C) = Zo.

The elements are ( ) and (1).
(L) +{(1)=core(l,1)=().
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Example 3: W(R) = Z.
The elements are m{1) for m e Z.

Example 4: W(Zs) = Z.a.
As for R, non-isotropic quadratic forms have the form
m(1) form e Z.
However m(1) is isotropic if m >3 or m < -3 since
(1, 1, 1) is isotropic.
So we need only consider (-1, -1), (-1), (), (1)and
(1, 1).
Now (1, 1, 1) being isotropic it is # @ (k) for some k.
Equating determinants we see that k = —1.
Hence (1, 1, 1) =1, -1, -1).
By the Cancellation Theorem this gives (1, 1) = (-1, —1).
Or, we can prove this directly:
(-1,-1)=¢2,2)
=2+ 2y = (x+y) + (x—y)* =(1, 1).
Hence W(Zs) = {(), (1), (-1), <1, D}.
It is easy to show that this ring is isomorphic to Z,.

Example 5: W(Zs) = Z,(C,)
={a+bx|a,beZ,x*=1}
the group ring of the cyclic group of order 2 over Z,..

(1, 1) is isotropic and hence so is (2, 2) and any higher

dimensional quadratic form containing either of them.
Hence W(Zs) = {(), (1), (2), (1, 2)}.
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It can be shown that:
_JZy(Cp) if p=1 (mod 4)
W(Z,) :{ T4 if p = 3 (Mod 4)

Example 6: W(Q) is infinite.
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